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We investigate how structural relaxation in mixtures with strong dynamical asymmetry is affected
by the microscopic dynamics. Brownian and Newtonian dynamics simulations of dense mixtures of
fast and slow hard spheres reveal a striking trend reversal. Below a critical density, increasing the
mobility of the fast particles fluidizes the system, yet, above that critical density, the same increase
in mobility strongly hinders the relaxation of the slow particles. The critical density itself does
not depend on the dynamical asymmetry and can be identified with the glass-transition density of
the mode-coupling theory. The asymptotic dynamics close to the critical density is universal, but
strong pre-asymptotic effects prevail in mixtures with additional size asymmetry. This observation
reconciles earlier findings of a strong dependence on kinetic parameters of glassy dynamics in colloid–
polymer mixtures with the paradigm that the glass transition is determined by the properties of
configuration space alone.
The microscopic description of classical many-particle
systems has different starting points depending on
whether one models a small-molecular system or a col-
loidal suspension. Molecular dynamics follows Newton’s
equations of motion, while the coarse-grained description
of the solvent in colloidal suspensions leads to stochastic
Brownian dynamics of the colloids. Since in thermody-
namic equilibrium of classical mechanics the kinetic de-
grees of freedom can be integrated out separately, the
equilibrium phase behavior of colloids is the same as that
of an atomic system, provided the effective interactions
among the particles are the same [1, 2]. This has inspired
the use of “colloids as big atoms” for all structural and
not inherently kinetic features [3]. In essence, the de-
scription reduces from one in phase space to one in the
much smaller configuration space.
The glass transition is a well-known kinetic phe-
nomenon. The near-equilibrium long-time dynamics
close to the glass transition shares many generic features
among colloidal and molecular glass-formers [4–11], al-
though this is not at all obvious and requires explanation.
The dynamics of a tracer particle in a random heteroge-
neous medium (the Lorentz-gas model) close to the lo-
calization transition provides a counter-example: There,
Newtonian and Brownian systems show different dynam-
ical critical exponents and hence belong to different uni-
versality classes [12–14].
Mixtures of species with high “dynamical asymme-
try” are a more realistic model system for cases where
the heterogeneous environment is slowly evolving over
time, e.g., in molecular crowding in cells [15–17]. Re-
laxation phenomena in such mixtures share features of
both the glass transition and the localization transi-
tion [18–24]. A striking dependence on the mass ratio
of the species was reported for a mixture of large and
penetrable small particles (Asakura-Oosawa model) [25]:
Upon addition of equally heavy small particles (mass
ratio αm = mlarge/msmall = 1) structural relaxation
slowed down, while the addition of lighter small parti-
cles (αm = 10000) caused the dynamics to speed up.
If one accepts that such a mass-ratio dependence in-
fluences the glass transition point, this challenges funda-
mentally our understanding of the glass transition, be-
cause it would entail that in describing slow dynamics
the reduction of phase space to configuration space is
not admissible. The use, e.g, of colloidal model systems
to understand molecular glasses, or the extrapolation
of molecular-dynamics-simulation results to soft-matter
systems would be questionable. One would also contest
the validity of the mode-coupling theory of the glass tran-
sition (MCT), where any mass-ratio dependence explic-
itly drops out of the equations that determine the glass-
transition point and the dynamics asymptotically close
to it [8, 26–28]. Generally, the great success of classical
configuration-space statistical physics approaches close
to the glass transition [4, 29, 30] would then appear puz-
zling.
As we demonstrate here, the resolution lies in the
fact that one has to carefully distinguish asymptotic
from pre-asymptotic features in the dynamics. Regard-
ing the glass-transition point itself, “kinetic universality”
is found, i.e., the modes of short-time relaxation become
irrelevant in determining the ultimate fate of the system
(fluid or glassy). In the vicinity of this transition point,
two qualitatively different trends emerge upon changing
the kinetic parameters. The MCT glass transition sepa-
rates a regime where mobile species cause the relaxation
to speed up, from one where they slow down the overall
dynamics. Studying carefully the influence of dynami-
cal asymmetry thus provides a way to identify separate
mechanisms of structural relaxation.
We start with a simple model, viz. a mixture of equal-
sized Brownian hard spheres with different short-time dif-
fusivities. A similar system with continuous interactions
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2has recently been studied [31, 32] as a model for motility-
induced phase separation of active particles. The use
of true hard-sphere particles provides an important con-
ceptual simplification. For Brownian hard spheres, in-
terparticle forces vanish for all admissible configurations
and only provide no-flux boundary conditions for the N -
particle probability density in the case that two spheres
touch. As a consequence, the uniform equilibrium distri-
bution is still a stationary solution of the Smoluchowski
equation, and, by virtue of the H-theorem, the only one.
Thus, all equilibrium properties of the system remain
unchanged by assigning fast and slow short-time diffu-
sivities to the particles. (This is not necessarily the case
if one includes non-equilibrium driving forces as in active
Brownian particles [33].)
We compare our Brownian-dynamics (BD) simula-
tions of mixtures of hard-sphere particles with different
short-time diffusivities to Newtonian molecular-dynamics
(MD) simulations with different mass ratios. Parti-
cles are slightly polydisperse (10%; N = 1000 parti-
cles drawn from a Gaussian distribution). True hard-
sphere interactions are guaranteed by an event-driven
algorithm both for Newtonian and Brownian dynamics
[34, 35]. We study the dependence on the short-time
kinetic parameters, i.e., the ratio of short-time diffusiv-
ities D0fast/D
0
slow =: α ≥ 1 for BD, and the mass ra-
tio mlarge/msmall =: αm ≥ 1 for MD. Both parame-
ters are defined such that large α or αm implies that
the small and fast species is much more mobile than
the other species, and for simplicity, we restrict to the
case were small is fast. MCT calculations are performed
based on the Percus-Yevick static structure factor, as
outlined in Refs. [26, 36]. Additional MD simulations of
Asakura-Oosawa mixtures are performed to extend those
of Ref. [25] (with Nlarge = 500 large particles of 10% poly-
dispersity, at size ratio δ = 0.15).
As a simple quantity that highlights the dynamical
behavior, we discuss the mean-squared displacements
(MSD), δr2a(t) = 〈|ra(t) − ra(0)|2〉, where a labels the
species (fast or slow). For short times, the MSD in BD
reflect the dynamical asymmetry as δr2a(t) ' 6D0at and
thus δr2fast(t)/δr
2
slow(t) ' α for t→ 0.
Figure 1 shows the MSD for a 50 : 50 mixture of equal-
sized Brownian hard spheres with a short-time diffusivity
ratio α = 10. All curves show the expected approach to
the kinetic arrest transition with increasing packing frac-
tion ϕ: after the short-time diffusive regime, the MSD
show subdiffusive behavior on a length scale comparable
to the typical localization length of particles in the glass,
known as the Lindemann length scale, rloc ≈ 0.1σ. At
larger length scales, δr2a(t)/σ
2 >∼ 1, the MSD follow a
long-time diffusive asymptote, δr2a(t) ' 6DLa t with long-
time diffusion coefficient DLa , on a time scale that di-
verges upon approaching the glass transition.
For the BD simulation results (top panel of Fig. 1), the
case ϕ = 0.20 represents the low-density regime where
FIG. 1. Mean-squared displacement of an equimolar mixture
of Brownian hard spheres (diameter σ) with dynamical asym-
metry (ratio of short-time diffusivities) α = D0fast/D
0
slow = 10;
shown in units of the slow-particle free diffusion time. The
MSD for fast (slow) particles is shown as blue (red) lines.
Black lines indicate the MSD for α = 1 for reference. Top
panel: BD simulations at ϕ = 0.2 and ϕ = 0.58 (left to
right). Bottom panel: MCT results for ϕ = 0.4 and 0.5 (left
to right).
particles interact only weakly, and DLa ≈ D0a. Close in-
spection reveals that in comparison to the monodisperse
case (all short-time diffusion coefficients equal), the long-
time dynamics of the slow particles is slightly enhanced
while that of the fast particles is slowed down. In essence,
the slow particles play the role of obstacles that hinder
the motion of the fast particles, and the fast particles
serve to increase the effective thermal noise that gives
rise to the mobility of the slow particles at long times.
This trend prevails for densities close to the glass tran-
sition, as exemplified for ϕ = 0.58 for the BD simulations.
There, however, the fast particles are slowed down much
more strongly. While initially, fast-particle diffusion is
faster than that of the slow particles by a factor α = 10,
their long-time diffusivity is faster only by less than 20%.
Numerical results from MCT (bottom panel of Fig. 1)
are in qualitative agreement with the simulation. As an-
ticipated in the theory, at high densities the transient
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FIG. 2. Structural relaxation times τ of the self-intermediate
scattering function to wave number qσ = 7.0 of the slow (filled
symbols) and fast (open symbols) partices of an equimolar
Brownian hard-sphere mixture with dynamical asymmetries
α = D0fast/D
0
slow, as a function of packing fraction ϕ and in
units of the respective short-time diffusion coefficients. Sym-
bols are BD simulation results, lines are corresponding power-
law fits A(ϕc − ϕ)−γ with ϕc = 0.583 and γ = 2.3.
nearest-neighbor cageing of particles is the dominant
mechanism of structural relaxation that slows down the
dynamics. Cageing corresponds to an intermediate-time
plateau in the MSD, δr2a ≈ 6r2loc. Since both species share
the same excluded-volume interactions, rloc ≈ 0.06σ is in-
dependent of the species. Thus, in the intermediate-time
window, the MSD of both fast and small species become
identical.
To demonstrate that a change in α does not change the
MCT glass-transition point, we show in Fig. 2 the struc-
tural relaxation times τ , extracted from the BD simula-
tions as the point where the tagged-particle density cor-
relation function for a wave number close to the static-
structure peak has decayed to 1/e. The relaxation times
are shown in natural units associated with the short-time
motion of each of the species. This highlights the relative
speeding up of slow particles by increasing the dynamical
size asymmetry, and the associated slowing down of fast
particles. For the fast particles, the effect is more dras-
tic: for α = 100, the relaxation time of the fast-particle
density fluctuations increases by up to a factor of 50,
while the slow-particle dynamics speeds up by less than
a factor of 2.
Asymptotically close to the glass transition, MCT pre-
dicts a power-law divergence, τ ∼ |ϕ − ϕc|−γ . Both the
critical point ϕc and the non-universal exponent γ are de-
termined solely by the static structural quantities of the
system [8] and thus do not depend on α. In the window of
packing fractions ϕ ∈ [0.53, 0.575], the τ(ϕ) curves from
BD are well described by such power laws. All data sets
can be consistently rectified using ϕc = 0.583±0.002 and
FIG. 3. Left: Self-intermediate scattering functions (wave
number qσslow = 7.0) of the slow particles in binary hard-
sphere mixtures with size ratio δ = σfast/σslow = 0.2 and
relative packing contribution xˆ = ϕsmall/ϕ = 0.01. Data
are shown for total packing fractions ϕ = 0.57 and 0.60, for
BD simulations (top panel, t0 = σ
2
slow/D
0
slow) with short-time
diffusivity ratios α = 5 (solid lines) and α = 20 (dashed), and
for MD simulations (bottom panel, t0 =
√
mσ2slow/kBT ) with
mass ratios αm = 1 (solid) and αm = 100 (dashed). Right:
structural relaxation times for various α and αm (symbols),
and power-law fits (lines).
γ = 2.3 ± 0.2. These values of ϕc and γ are consistent
with those found for nearly-monodisperse hard-sphere
systems [8]. Thus, both the thermodynamic equilibrium
phase diagram and the kinetic MCT-glass transition in a
mixture of hard spheres with different short-time kinetics
are independent of the dynamical size asymmetry.
At densities close to and above ϕc, deviations from
the scenario described above set in. To see this more
clearly, we turn to mixtures that include in addition
to dynamical asymmetry also a strong size asymmetry
δ = σfast/σslow  1 in the steric interactions. For pack-
ing fractions ϕ <∼ ϕc, the effect of increasing the dy-
namical asymmetry is qualitatively as discussed above:
increasing α, the structural relaxation of the slow parti-
cles speeds up slightly, see Fig. 3. This also holds true
in MD upon increasing αm. Power-law fits to the struc-
tural relaxation times work in the regime ϕ <∼ 0.585, as
demonstrated in the lower panels of Fig. 3. They yield
values ϕc ≈ 0.594 and γ ≈ 2.5 that do not depend on α or
αm: they confirm that the glass transition point and the
asymptotic approach to it depend neither on the dynam-
ical asymmetry nor on the fact whether the short-time
motion is Brownian or Newtonian [6, 7].
A crucial observation is that the MCT transition point
divides the state space into two regimes with different de-
pendence on the kinetic parameters: Below ϕc, the trend
just described prevails, i.e., τ decreases with increasing
α or αm. Yet, in the high-density regime ϕ >∼ ϕc, this
trend is reversed: here, the structural relaxation of the
large particles slows down upon increasing the dynamical
4FIG. 4. Iso-diffusivity lines for the long-time diffusion of
large particles in an AO mixture with size ratio δ = 0.15
and mass ratio αm = 1 and αm = 10000, in the state space
spanned by (ϕlarge, ϕsmall), for various values of D
L
large as la-
beled.
asymmetry. This is also clearly seen by a shift of struc-
tural relaxation to longer times in the density correlation
functions for ϕ = 0.60 (left panels of Fig. 3).
The trend reversal in the dependence on α or αm sep-
arates the dynamical regime of MCT from a regime of
relaxation within the glass, even without the need to pre-
cisely determine ϕc. The dynamical window over which
MCT provides an accurate description of the data in-
creases with increasing dynamical asymmetry, as is evi-
dent from the right panels of Fig. 3. This implies that for
α or αm close to unity, a determination of the MCT tran-
sition point ϕc using only power-law fits to the relaxation
times (or similar quantities) becomes more difficult.
In the limit δ → 0, one expects the fast (small) par-
ticles to remain mobile even at densities where the slow
(big) particles approach kinetic arrest. The small par-
ticles may then be thought of as providing effective en-
tropically mediated depletion interactions between the
large particles. In colloid–polymer mixtures, small non-
adsorbing polymers provide short-range depletion attrac-
tions for the big colloidal particles, and these cause a
reentrant melting of the big-particle glass upon addition
of small polymers [37–39].
The standard hard-sphere model for colloid–polymer
mixtures is the Asakura–Oosawa (AO) model [1, 25].
The model assumes that the small particles do not inter-
act among themselves, even though they keep excluded-
volume interactions with the big particles. It was a strik-
ing finding reported from computer simulation [25] that
the reentry emerges from the lines of constant diffusivity
in the AO model only if the small particles are sufficiently
light.
Figure 4 shows iso-diffusivity lines for values of DLlarge
close to the glass transition of the AO mixture of Ref. [25].
For ϕ <∼ 0.58, the addition of lighter small particles
causes the structural-relaxation dynamics to speed up
(iso-diffusivity lines bend to larger ϕ), while the addi-
tion of equally heavy small particles has the opposite
effect. This is consistent with earlier observations [25].
However, extending these results to larger ϕ that are
closer to the expected MCT glass transition (ϕ ≈ 0.58),
one notices that also the addition of heavy particles
(αm = 1) leads to the reentrant enhancement of struc-
tural relaxation that was observed for the addition of
light particles (αm = 10000). Thus, although the pre-
asymptotic approach to the MCT transition differs for
different αm quite drastically, from extrapolation of our
data to DLlarge = 0 one anticipates that the kinetic tran-
sition itself does not depend on the mass ratio.
In summary, we have shown that increasing the mobil-
ity of fast particles in dynamically asymmetric mixtures
can induce a counter-intuitive slowing down of the relax-
ation of the slower particles. This regime is to be con-
tradistincted from the one asymptotically close to, but
below the glass transition, where an increase in mobility
leads to faster relaxation that is governed by universal be-
havior whose power laws are independent of the kinetic
parameters.
This surprising trend reversal calls for an interpreta-
tion. The critical density ϕc marks a change in trans-
port mechanism. Below ϕc, motion is liquid-like, and
the hallmark of the approach to the glass transition is
a strong increase in viscosity, respectively, the friction,
ζ = (1/3kBT )
∫∞
0
〈f(t) · f(0)〉 dt, where f(t) is a fluctu-
ating reduced force. The diffusion then follows from the
Einstein relation, D = kBT/ζ. Since increasing the mo-
bility of the fast particles causes the fluctuating forces
to decay faster, this reduces the friction and speeds up
the diffusion. Conversely, above ϕc, motion is solid-
like, i.e., viscous relaxation is ineffective. Here, residual
currents determine the diffusivity via the Green-Kubo
relation, D = (1/3)
∫∞
0
〈v(t) · v(0)〉 dt, as an integral
over the velocity-autocorrelation function (VACF). Con-
sequently, an increase in mobility of the fast particles
causes the VACF to decay faster, and therefore, diffusion
slows down.
Our interpretation is compatible with mode-coupling
theory, which considers the friction contribution to be
dominant, but ignores residual-current relaxation. For
this reason, MCT can capture only the regime below ϕc,
but not the one above. Studying systematically the influ-
ence of kinetic parameters therefore offers a clean way of
identifying the transition in transport mechanism with-
out relying on power-law fits over a limited range of re-
laxation times.
Both Brownian and Newtonian dynamics yield the
same qualitative results for both regimes. This extends
an earlier finding on the kinetic universality [7] to in-
clude size ratios and kinetic parameters. Therefore, it
also encompasses the dynamics of mobile intruders in
crowded environments [24, 25], with the caveat that one
has to carefully separate the asymptotic behavior from
pre-asymptotic effects on the dynamics.
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